Abstract. We present some relationships between the diameter, width and thickness of a reduced convex body on the d-dimensional sphere. We apply the obtained properties to recognize if a Wulff shape in the Euclidean d-space is self-dual.
Introduction
Our subject is spherical geometry (see the monographs [10] and [14] ) and its application for some methods of recognizing if a Wulff shape in Euclidean d-space E d is self-dual.
In the space E d+1 , where d ≥ 2, take the unit sphere S d centered at the origin. The intersection of S d with any (k + 1)-dimensional Euclidean space, where 0 ≤ k ≤ d − 1, is called a k-dimensional subsphere of S d . For k = 1 we call it a great circle, and for k = 0 a pair of antipodes. If different points a, b ∈ S d are not antipodes, by the arc ab connecting them we mean the "shorter" part of the great circle containing a and b, i.e., this part which does not contain any pair of antipodes. By the spherical distance |ab|, or shortly distance, of these points we understand the length of the arc connecting them.
The intersection of S d with any half-space of E d+1 is called a hemisphere of S d . In other words, a hemisphere of S d is the set of points of S d in distances at most π 2 from a point c called the center of this hemisphere. It is denoted by H(c). Two hemispheres whose centers are antipodes are called opposite hemispheres.
Let a set C ⊂ S d do not contain any pair of antipodes. We say that C is convex provided together with every two points it contains the whole arc connecting them. The smallest convex set containing a given set A ⊂ S d is called the convex hull of A. If the interior of a closed convex set C ⊂ S d is non-empty, we call C a convex body.
If a hemisphere H contains a convex body C and if p ∈ bd(H) ∩ C, we say that H supports C at p or that H is a supporting hemisphere of C at p. If at every boundary point of a convex body C ⊂ S d exactly one hemisphere supports C, then C is called smooth. We call C strictly convex if its boundary bd(C) does not contain any arc. For any convex body C ⊂ S d and any hemisphere K supporting C we define the width of C determined by K as the minimum thickness of a lune K ∩ K ′ over all hemispheres K ′ = K supporting C and we denote it by width K (C). By the thickness (often also called minimum width) ∆(C) of C we mean the minimum of width K (C) over all hemispheres K supporting C.
Clearly, ∆(C) is nothing else but the thickness of a "narrowest" lune containing C. We say that C is of constant width if all its widths are equal. These notions and a few properties of lunes and convex bodies in S d are given in [4] and [7] . Here is an additional property. In order to show the second assertion, we apply Theorem 3 of [4] which says that if diam(C) is at most π 2 , then it is nothing else but the maximum of the widths of C. Moreover, having in mind that ∆(C) is the minimum width of C, from the assumption that diam(C) = ∆(C) = w we conclude that all widths of C are equal w, which means that C is of constant width w.
In Section 2 we recall the notion of a spherical reduced spherical body and we present some relationships between the thickness and the diameter of reduced bodies. Section 3 is devoted to applications of these results for recognizing if a Wulff shape is self-dual.
We say that a convex body R ⊂ S d is reduced if ∆(Z) < ∆(R) for each convex body Z being a proper subset of R. Some properties of spherical reduced bodies are given in [4] , [6] [7] [8] and [9] . This notion is analogous to the notion of a reduced convex body in E d ; for instance see the survey article [5] . Clearly, every spherical body of constant width is reduced.
Since R is compact, there are points p, q ∈ bd(R) such that |pq| = diam(R). Applying Proposition 3.5 of [6] which holds also for R ⊂ S d (the proof is the The following proposition generalizes Theorem 4.3 of [6] from S 2 up to S d . Our proof is analogous (this time we must apply Proposition 1 of [7] ). Here a more detailed consideration supplemented by a figure is presented.
, then R is a body of constant width ∆(R).
Proof. We consider two cases.
Case 1, when ∆(R) > π 2 . We apply Proposition 1 of [7] that every spherical reduced convex body of thickness over π 2 is smooth, and next Theorem 5 of [4] , that every smooth reduced body is of constant width. Thanks to Theorem 4 of [7] which says that every spherical body of constant width w has diameter w, from Proposition 2 we obtain the following corollary. Observe that this corollary is not true without the assumption that the body is reduced. In order to show the second assertion, assume the opposite that R is of constant width.
Then the maximum and minimum widths of R are equal. Therefore diam(R) = ∆(R). This contradicts the assumption of our corollary. Consequently, R is not of constant width. 
From (a) and (b) we get (c). It implies (d). We obtain (e) as the contrapositive of (b).
After Part 4 of [7] , we say that a convex body D ⊂ S d of diameter δ is of constant diameter δ provided for every p ∈ bd(D) there exist p ′ ∈ bd(D) such that |pp ′ | = δ.
Next proposition is convenient to apply in the proof of the forthcoming Theorem.
Proposition 4. The following conditions are equivalent:
Proof. The equivalence of (1) and (2) results from (a) of Proposition 3. By Proposition 2 we conclude that (1) implies (3). The opposite implication is obvious since every body of constant width is a reduced body. The equivalence of (3) and (4) follows by the fact (being a particular case of Theorem 5 of [7] ) that a convex body D ⊂ S 2 is of constant diameter By part (b) of Proposition 3, we conclude the following variant of Proposition 2. Here we also add a consequence of the equivalence of (2) and (3) 
An application for recognizing if a Wulff shape is self-dual
Wulff [13] defined a geometric model of a crystal equilibrium, later named Wulff shape. The literature concerning this subject is very wide. For instance see the monograph [11] and the articles [3] , [12] . Let us add that the equivalence to the second conditions gives the positive answer to the question put by Han and Nishimura at the end of [2] .
On S 2 we get some spherical bodies of the form given in Theorem as a particular case of the example given on p. 95 of [6] by taking there any non-negative κ < Similarly to Example from [7] we may construct bodies of constant diameter π 2 on S d .
